Intestinal crypts are responsible for the total cell renewal of the lining of the intestines, occurring 25 every 4-7 days in humans. This rapid turnover is governed by the complex interplay between 26 signalling pathways and the cell cycle within individual cells in the crypts. The role of Wnt signalling 27 in governing cell proliferation and differentiation in the intestinal crypt has been extensively studied, 28 with increased signalling found towards the lower regions of the crypt. Recent studies have shown 29 that the Wnt signalling gradient found within the crypt may arise as a result of division-based 30 spreading from a Wnt 'reservoir' at the crypt base. The discovery of the Hippo pathway's 31 involvement in maintaining crypt homeostasis is more recent; a mechanistic understanding of Hippo 32 pathway dynamics, and its possible cross-talk with the Wnt pathway, remains lacking. To explore 33 how the interplay between these pathways may control crypt homeostasis and dysplasia we developed 34
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Introduction 75
Colorectal cancer is the third most common malignant cancer, and the fourth leading cause of 76 cancer death worldwide, accounting for roughly 1.4 million new cases and approximately 700,000 77 deaths in 2012 (1). Although the overall mortality rate for colorectal cancer has been declining by 78 roughly 2% per year between 1997 and 2007 in the EU, from 19.7 to 17.4/100,000 men and from 12.5 79 to 10.5/100,000 women (2), mainly due to improved early diagnosis and/or an improved lifestyle, 80 colorectal cancer still affects a significant number of people worldwide. Improvement of these 81 statistics (through, for example, new diagnostics and treatment) will depend on a better understanding 82 of the cellular mechanisms that are responsible for the disease. It has been suggested that there are 83 specific cancer stem cells that develop and propagate colorectal cancer (3) . Within the intestine, stem 84 cells reside within crypts, tubular indentations lining the walls of the gastrointestinal tract (4) that are 85 responsible for the total cell renewal of the intestine lining every 4-7 days in humans (5-7) (more 86 rapidly in mice (8)). In a healthy crypt, regulatory networks tightly control individual cell and crypt 87 homeostasis, through multi-level processes such as proliferation, cell adhesion, growth factors and 88 production of other secreted molecules. Changes to these underlying regulatory networks due to 89 mutations can disrupt crypt dynamics and eventually result in tumorigenesis. Of particular 90 significance are the Wingless/Int (Wnt) and Hippo signalling pathways. 91
The role of the canonical Wnt signalling pathway (i.e. the Wnt/β-catenin pathway, hereinafter 92 referred to as Wnt pathway) in regulating the expression of target genes linked to proliferation and 93 differentiation has been extensively studied, both experimentally and theoretically (9-12). Within the 94 gastrointestinal tract, it is known that Wnt signalling governs proliferative dynamics specific to the 95 lower regions of intestinal crypts (13). The importance of the Wnt pathway in maintaining a healthy 96 cell turnover is clear from studies reporting consequences of Wnt signalling dysfunction (13-16), with 97 the development of intestinal tumours and polyps linked to mutations in the signalling pathway 98 cascade, and approximately 80% of all human colon tumours reported to show mutations that 99 inactivate the APC gene (17). The main cellular effect of activation of the Wnt signalling pathway is 100 to alter the subcellular localisation of β-catenin (9, 15). In the absence of a Wnt signal ('Wnt-Off'), 101 cytoplasmic β-catenin is rapidly degraded by the destruction complex formed by APC, Axin, Ser/Thr 102 kinases GSK-3 and CK1 (9). In the presence of a Wnt signal ('Wnt-On'), extracellular Wnt ligands 103 bind to Frizzled cell surface receptors, causing inhibition of the destruction complex via sequestration 104 of β-catenin. This leads to the accumulation of unphosphorylated β-catenin in the cytoplasm and thus 105 increased shuttling of β-catenin to the nucleus, where it binds to TCF/LEF transcription factors and 106 activates expression of Wnt target genes, many of which regulate cell proliferative dynamics (10). 107
Typically, malignant transformations of cells within the crypt involve mutations in the APC gene 108 (18), causing aberrant build-up of β-catenin and expression of Wnt target genes (10, 11, 14, 19) . Cell 109 proliferation occurs predominantly in the bottom third of the crypt (20), with a low level of 110 extracellular Wnt detected at the crypt orifice and a maximal level at the base (14, 15, 21) . Previous 111 studies have suggested that such a Wnt gradient helps maintain crypt homeostasis (specifically, 112 constancy in the numbers of different cell types, and overall crypt size), determines subcellular β-113 catenin localisation and kinetics and, ultimately, regulates cell-cycle dynamics (22, 23). Indeed, many 114 theoretical models of crypt dynamics have linked an imposed Wnt gradient directly to cell-cycle 115 duration (5, 24-26). However, more recent experimental data suggest that the Wnt gradient results 116 from a cellular division-based spreading of Wnt from the base of the crypt, where there is an effective 117 reservoir of Wnt, and consequent Wnt dilution throughout the crypt (27). 118
Aside from Wnt signalling, other processes and signalling pathways also play important roles 119 in crypt homeostasis. For example, contact inhibition (CI) of cell proliferation is defined as the 120 cessation of cell-cycle progression due to contact with other cells, leading to a transition to a dense 121 monolayer of epithelial cells (28). Increased CI can be due to forced reduction in cell volume, 122 externally applied stress, or increase in the cell density, with solid stress shown to inhibit the growth 123 of cell spheroids in vitro, regardless of differentiation state (29). Overcrowding can also induce live 124 cell extrusion from the monolayer (30), however, with regards to crypt homeostasis, this appears to 125 occur towards the crypt orifice, thus beyond the region we would expect proliferative cells to reside. 126
We consider CI in our investigation, as the precise nature of the mechanisms driving it, possibly 127 6 including the interplay of signalling pathways regulating crypt homeostasis, are not well understood 128 (31, 32). 129
It has been suggested that the Hippo signalling pathway, which is deregulated in multiple 130 cancers (33, 34), plays a role in preventing cell proliferation due to CI (35), with signalling linked to 131 the volume of a cell and the overall stress applied to it (35-37). The Hippo pathway negatively 132
regulates Yes-associated protein (YAP) and the transcriptional co-activator PDZ-binding motif 133 (TAZ); the activation of YAP and TAZ promotes cell proliferation and inhibits cell death (28, 32) . 134
The Hippo pathway restricts the availability and functionality of YAP in the nucleus by altering its 135 level and distribution (31, 38). Over-expression of YAP or its over-activation by Hippo pathway 136 mutations have been shown to counter the effects of CI in vitro and organ size control in vivo, 137 promoting tissue overgrowth and cancer development (32, 33). The Hippo signalling pathway, unlike 138 other signalling cascades, does not appear to have its own dedicated extracellular peptides and 139 receptors, but instead relies on regulation by a network of upstream components and mechanisms, 140 such as cell polarity complexes and adherens junctions (39). It has been suggested that the Hippo 141 pathway is regulated by the cellular architecture and the mechanical properties of cell environment, 142 possibly serving as a sensor for tissue structure and mechanical tension (36, 40, 41) . 143
Cross-talk between the Hippo and Wnt signalling pathways has been shown to play a key role 144 in mediating cell proliferation (35), by reducing nuclear β-catenin levels and, consequently, the 145 expression of Wnt target genes that control cell-cycle progression. In a Hippo 'off' state, the level of 146 YAP-P remains stable within the cell, and the YAP-P/β-catenin complex remains at minimal levels in 147 the cytoplasm. Conversely, in a Hippo 'on' state there is an increase in YAP-P, which binds to free β-148 catenin in the cytoplasm creating a YAP-P/β-catenin complex that is unable to localise to the nucleus 149 of the cell, whilst maintaining its membrane bound activities. These results motivate our development 150 of a mathematical model able to capture the mechanisms linking Wnt and Hippo signalling and CI, 151 extending a previously proposed kinetic model of β-catenin within an individual cell (42). 152
Mathematical modelling has been used to explore crypt dynamics in health and disease, and 153 to better understand how colorectal cancer can emerge from the interactions across several scales of 154 biological processes, such as mutations that cause an abnormal intracellular response to changes at 155 either the cell or tissue levels, and cell proliferation, motility and adhesion (43). Existing 156 mathematical models of crypt dynamics have focussed on Wnt signalling, including its role in 157 monoclonal conversion (the process by which a crypt is populated in its entirety by the progeny of a 158 single ancestor cell (24, 44)), and the effects on subcellular β-catenin localisation on the cell cycle 159 (25). Recently, the possible effects of cell-cycle cessation caused by contact-dependent factors have 160 been investigated by modelling CI as cell-cycle cessation linked to cell volume (5). In all these 161 models, Wnt is assumed to act on cells via an imposed and external gradient. Earlier models assumed 162 that Wnt affects cell-cycle progression dynamically, while a more recent work suggests that cell-cycle 163 duration is dependent on the Wnt signal available immediately after mitosis (5). 164
In what follows, we consider two Wnt models in the multicellular context: the first assumes 165 that Wnt exists as an externally-imposed gradient, with variants as described above, where the Wnt 166 level received by each cell either changes throughout its cell cycle or is updated at the point of each 167 cell division. The second model considers the Wnt level to be an intrinsic property of each individual 168 cell, instead of being prescribed only externally, and hence allows us to test the hypothesis of an 169 emergent Wnt gradient in the crypt. In this second model, Wnt is distributed between the daughter 170 cells following each cell division, with a Wnt source 'reservoir' region located at the base of the crypt. 171
In the case of the small intestine this is akin to the region of Paneth cells that can transfer Wnt to 172 neighbouring cells, although this diffusion has been shown to be limited to 1-2 neighbour cells (27, 173 45) . A more recent study has suggested an additional source of Wnt proteins in FOXL1+ telocytes, 174 which form a subepithelial plexus extending from the stomach to the colon, again localised towards 175 the base of the crypt (46). 176
More fundamentally, models of crypt dynamics that explicitly include the Hippo signalling 177 pathway are lacking, preventing a thorough analysis of the effects of Wnt/Hippo crosstalk. To address 178 this, we propose a new model that describes both Hippo and Wnt signalling pathway dynamics, which 179 links their activity to cellular proliferation and CI. We initially consider the effects of Hippo and Wnt 180 at the single-cell level, and analyse their combined role in cell-cycle cessation. Moving to a 181 multicellular framework, we show that crypt dynamics remain fundamentally unaltered upon 182 incorporation of CI via Hippo signalling; the latter, however, plays a crucial role in the monoclonal 183 conversion probabilities upon mutations in Wnt pathway genes. 184
185
Results 186
Intracellular modelling of Wnt/β-catenin and Hippo signalling pathways 187
We developed an ordinary differential equation ( but constrained to the cytoplasm (31, 34, 35). We assumed that the mechanism of CI is a reduction of 207 cell volume below the equilibrium volume of a typical crypt epithelial cell, as this should correlate 208 with an increase in surface stress due to cellular crowding in an epithelial monolayer, as well as an 209 increase in cell density (29). We therefore altered the kinetic model to include a volume-dependent 210 nuclear sequestration rate of β-catenin, ! (35), which describes how volume-dependent Hippo 211 signalling decreases the nuclear localisation of β-catenin (thus increasing its cytoplasmic presence 212 without altering its total cellular concentration) and, consequently, cell proliferation dynamics. When 213 the cell volume drops below a threshold the rate ! increases linearly within the range indicated in 214 Table S1 . 215 The temporal Wnt/Hippo dynamics within a single cell were modelled as a system of 10 222
Ordinary Differential Equations (ODEs, Figure S1 ); they describe the aforementioned effects of 223
Hippo signalling via the phosphorylated YAP/β-catenin complex, as well as CI effects (details in 224
Supplementary Information). The Wnt/Hippo model is mainly based on mass-action and Hill kinetics 225 (51); it was derived from the original publication (25), and, as such, the parameters were left 226 unchanged in Equations 1-9 where used previously ( Figure S1 , Table S1 ). As an extension to the 227 original model, we described the dynamics of the β-catenin/YAP-P complex (C H , Equation 10, Figure  228 S1) to account for the effects of Hippo signalling on β-catenin localisation; we used again Hill terms, 229 similarly to those in Equations 2 and 7 ( Figure S1 ). The interplay between the Wnt/Hippo signalling 230 and the cell-cycle is governed by the amount of transcriptional β-catenin (C T ); the latter links the 231 signalling ODE model ( Figure S1 ) to the cell-cycle model (ODEs in Figure S2 , unchanged from the 232 original work in (25); further details in Supplementary Information). 233
To explore the effect of Hippo signalling on cell-cycle duration and fix the new parameters in 234
the Wnt/Hippo model (Equation 10, Figure S1 ), we performed a parameter sensitivity analysis, 235 varying the YAP-P/β-catenin complex binding rate (p ! ) and dissociation constant (K H ); these 236 parameters govern the effectiveness of the inhibition of nuclear β-catenin localisation and, 237 consequently, CI. A description of this single-cell analysis is included in the Supplementary 238
Information. The results, shown in Figure 2a , suggest that the saturation coefficient (K H ) has some 239 effect on cell-cycle duration but, more significantly, alters the effective range over which the binding 240 rate ( ! ) controls cell-cycle duration, with changes in the binding rate having the largest effect on 241 delaying and eventually stopping proliferation. We therefore assigned a value to the saturation 242 coefficient K H (Table S1 ) which, when combined with Wnt signalling effects on β-catenin 243 localisation, did not cause premature cessation of the cell cycle. 244
We then investigated how the cross-talk between the Hippo and Wnt pathways affects the 245 duration of the cell cycle (i.e the time taken for the levels of E2F1 -Equation 2, Figure S2 -to surpass 246 the threshold for initiating the transition from the G 1 to the S phase of the cell cycle, as in Swat et al 247 (22)). Setting the saturation term K H to 100nM, to allow for an appropriately sized range over which to 248 vary the binding rate, a concurrent increase in the YAP-P/β-catenin complex binding rate (p ! ), and 249 decrease in Wnt signalling, cause a delay and eventual cessation of the cell cycle ( Figure 2b) . 250
These results suggest that cells experiencing lower Wnt concentrations are more susceptible 251 to inhibition of proliferation by Hippo signalling as there is less free β-catenin localised in the 252 cytoplasm. This single-cell analysis suggests that the reduction in cytoplasmic β-catenin levels caused 253 by Hippo signalling is able to prevent the progression through the cell cycle, thus inhibiting 254 proliferation. 255
Multiscale modelling of the intestinal crypt 256
We incorporated the subcellular Hippo/Wnt ODE model described above into a multiscale We investigated, under physiological conditions (i.e. wild type cells), how crypt renewal 282 dynamics are affected by CI and by cross-talk between the Wnt (prescribed as an external gradient; 283 models M1a and M1b) and Hippo pathways by measuring both the mitotic index (i.e., the percentage 284 of cells undergoing mitosis at any given point in time), as a proxy for the proliferative capacity of 285 cells, and the distribution of cell velocities throughout the crypt, to provide a snapshot of crypt 286 motility ( Figure 3 ). We varied two relevant parameters: the CI threshold, and the Wnt level within the 287 crypt. The CI threshold -defined as the cell volume below which the YAP-P/β-catenin complex 288 prevents progression through the cell cycle -is defined as a percentage of the equilibrium cell 289 volume enabling proliferation, and was set to either 60% or 90%; in the latter case, more cells are 290 affected by CI. The Wnt level -defined as the position in the crypt at which the external Wnt 291 gradient reaches its minimum value -is set to either 40% or 100% of the height of the crypt (Figure  292 2c, right panel), as an attempt to account for the proliferative differences of crypts within the small (7, 293 16) and large intestine (8), respectively. 294
The effect of varying Wnt level on mitotic activity (Figure 3a and b) is that, for maximal Wnt 295 level (Figure 3a ), the proliferative 'niche' extends further up the crypt than for lower Wnt (Figure 3b) ; 296 in the latter case, there is a rapid drop-off of mitotic index at approximately 30% of the crypt height. 297
The main difference between the static (M1a) and dynamic (M1b) Wnt models (Figures 3a and b , 298 solid and dashed lines, respectively) is a more rapid drop-off in the mitotic index using the latter 299 approach. This is because updating Wnt level dynamically causes cells to react instantly to changes in 300 the external Wnt level as they move up the crypt, resulting in a more rapid cell-cycle cessation. 301
Varying the threshold volume at which cells are contact-inhibited (Figures 3a and b , red and 302 blue lines corresponding to 60% and 90% of CI threshold, respectively) has a greater effect when cells 303 reach the top of the proliferative niche where the Wnt signal decreases. This result shows that the 304 volume-dependent prevention of β-catenin nuclear localisation, and hence the reduction in mitotic 305 proportion, are more pronounced when there is less free β-catenin to be sequestered. These results 306 match our single-cell simulations, which suggested that the region over which CI is active is reduced 307 with a lower Wnt signal. Also, our crypt simulations indicate that inhibiting the cells at 90% of their 308 equilibrium volume results in a reduction in mitotic activity of approximately 15% at the base of the 309 crypt and of over 40% towards the top of the proliferative 'niche'. This suggests that CI within the 310 crypt is as capable of affecting the proliferative activity of the crypt cells as changing the method of 311
Wnt signalling within the crypt. 312
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We checked that our new model, introducing CI, does not dramatically affect the proliferative 313 dynamics in a wild-type crypt when compared to previous models (5, 24, 25). This is confirmed by 314 the results (Figures 3a and b) , which suggest that the differential effects of Wnt on proliferation 315 dynamics are greater than those of increasing CI effects. 316
Varying the threshold volume at which cells are contact inhibited from 60% (Figures 3c and  317 d, red boxes) to 90% (Figures 3c and d , blue boxes) of equilibrium volume, results in a reduction in 318 mean crypt velocity of 33%, whilst decreasing the threshold for Wnt from 100% of the crypt to 40% 319 of the crypt (Figures 3c and d, respectively ) results in a reduction in mean crypt velocity of 38%. This 320 qualitative similarity is due to the limited effect of CI in a wild type crypt where cells are not, in 321 general, significantly smaller than their expected equilibrium volume. 322
Overall, these agent-based simulations suggest that Wnt signalling levels are the main 323 regulator of cell proliferation within the crypt. Hippo signalling also plays an important role, as 324
Hippo-dependent CI reduces proliferative activity within the crypt, with the largest effects seen in the 325
100% Wnt case, due to the larger number of proliferative cells affected by CI. Considering the two 326
Wnt hypotheses for this externally-imposed Wnt model -static (M1a) and dynamic (M1b) -the 327 reduced mitotic activity in the M1b crypt is not in line with the mitotic activity seen experimentally 328 (6), which suggests that the static (M1a) modelling hypothesis is more physiologically plausible. 329
Wnt Model M2: cell division-based Wnt 330
A prescribed and fixed external gradient of Wnt is a feature of existing computational models 331 of crypt dynamics, effectively prescribing a spatial proliferation threshold (5, 24, 25). We modified 332 our model to account for the aforementioned recent experimental results suggesting an alternative, 333 division-based Wnt process (27), and investigated whether this approach could result in an emergent 334 Wnt gradient in the crypt. We therefore set only cells at the base of the crypt to receive a maximal 335 Wnt signal, forming a Wnt reservoir, whose size (as a proportion of the height of the crypt) is a model 336 parameter. It has been shown experimentally that Wnt does not readily diffuse into surrounding 337 cells (27), and we therefore neglected diffusion-based spreading of Wnt. Instead, Wnt is shared 338 stochastically between daughter cells, so that daughter cells contain a proportion 0.5± of the mother 339 cell's Wnt level at each division (57), where ξ is a sample from a Normally distributed random 340 variable with zero mean and standard deviation σ (set as a model parameter), appropriately truncated 341 to ensure the proportion remains in the interval [0,1]. 342
Initial simulations, carried out with noiseless Wnt allocation on division (i.e. σ =0), resulted in 343 emergent Wnt gradients over the crypt domain (Figures 4a, b) . Increasing the size of the Wnt 344 reservoir from 10% to 20% of the crypt height reduces the steepness of the resultant Wnt gradient, 345 without affecting the mean Wnt density at the top of the crypt, so that it more closely resembles the 346 imposed linear Wnt gradient of previous models. 347
We then introduced noise in the allocation of Wnt and repeated the wild type crypt in silico 348 experiments with 5% (σ=0.05) and 10% (σ=0.1) noise, in both the 10% and 20% Wnt reservoir crypts 349 (Figures 4c, d) . The mean Wnt gradient is not strongly affected by the introduction of this division 350 noise, as expected as the mean of the noise added is zero. Mitotic index results (Figures 4c and d ) 351
show that, considering division-based spreading of Wnt with no noise (blue lines), there is a reduction 352 followed by a sharp increase in mitotic activity in the region where the first cell division occurs (at 353 approximately 20%/40% of the total height of the crypt, in case of a 10%/20% Wnt reservoir, 354 respectively). When introducing noise in Wnt allocation upon division (Figures 4c and d, red and 355 green lines), this reduction and subsequent increase in mitotic activity is smoothed, better capturing 356 the mitotic activity recorded experimentally (6). The latter results suggest that the distribution of Wnt 357 between daughter cells upon cell division might not be purely symmetric, which has been suggested 358 in a previous study (57). A comparison of externally imposed versus division-based Wnt model 359 simulations (Figures 3a, b and Figures 4c, d, respectively) suggests that a crypt with a 10% Wnt 360 reservoir is representative of a colonic crypt, while a 20% Wnt reservoir can resemble small intestinal 361 crypt dynamics (6, 7). The presence of Paneth cells in the small intestinal crypt could account for this 362 larger required Wnt reservoir that we see in our experiments; conversely, an external Wnt signal that 363 does not extend for the full height of the crypt would also suffice in explaining this larger Wnt 364 presence. 365
Introducing mutations in both Wnt and Hippo signalling in the crypt 366
Finally, we investigated the effects of CI on a dysplastic crypt; in this case, there can be a 367 significant increase in cell number due to over-proliferation of mutant cells, resulting in a decrease in 368 cell volume, at which point the effects of CI may play a more significant role. We considered a 369 possible APC double-mutant (58), where there is total disruption of the β-catenin destruction complex 370 together with the size of the Wnt gradient (in M1a) and of the Wnt reservoir (M2); Figure 5 shows 376 mutant cell washout probabilities (i.e. the likelihood of healthy cells being able to remove the mutant 377 from the crypt) upon insertion in the crypt of one APC double-mutant cell. 378
In the imposed Wnt gradient crypt (M1a, Figure 5a ), an increase of the Wnt signal from 40% 379 to 100% of the crypt (Figure 5a , red and blue lines respectively) resulted in only a small change to the 380 washout probability at low levels of CI. Conversely, at the maximal CI volume threshold (90% of 381 equilibrium volume), the washout probability increases from approximately 45% in the 100% Wnt 382 case to 70% in the 40% Wnt case, as the advantage of the mutant cell is reduced due to increase of 383 proliferating healthy cells; recall that only wild type cells are affected by CI, and that mutant cells 384 proliferate independent of cell volume and Wnt level. The increase in level of CI (from 60% to 90% 385 of equilibrium volume) reduces the washout probability by nearly half in the 40% Wnt crypt (Figure  386 5a, red line). It is in this case where the advantage gained by a mutant cell from the combination of its 387 increased proliferative capacity and CI is most significant. The reduction in washout probability is 388 also comparable with previous models, where additional advantage was predicted to be gained by the 389 mutant cell through its increased adhesion to the crypt substrate and to the surrounding cells (24). Of 390 note, we did not model the altered adhesion of mutant cells, to specifically focus on signalling-and 391 volume-dependent CI. 392
In the division-based Wnt model (M2, Figure 5b ), simulations of the same mutant takeover 393 show that, for maximal CI volume (90% of equilibrium volume), an increase in the size of the Wnt 394 reservoir from 10% to 20% of the height of the crypt (Figure 5b , red and blue lines respectively) 395 results in a large increase in the relative washout probability (from approximately 45% to 70%). 396
Decreasing the volume threshold for CI resulted in a smaller decrease in the washout probability of 397 that in the imposed-Wnt-gradient crypt with high Wnt (Figure 5, blue lines) , but similar behaviour for 398 low-Wnt ( Figure 5, red lines) . 399
Overall, the simulated dysplastic dynamics qualitatively match those predicted by the 400 imposed Wnt gradient model, with a reduction in washout probability resulting from a stronger level 401 of CI, and an increase in washout probability in response to a higher level of Wnt in the crypt. internally held by each cell, supplied initially only to cells in a reservoir at the base of the crypt. We 417 showed that subsequent division events create an emergent gradient of Wnt similar to that imposed by 418 existing Wnt models. Noise in the Wnt allocation to daughter cells following mitosis does not 419 significantly affect the overall Wnt gradient, but does smooth the distribution of mitotic activity 420 within the crypt. Increasing the size of the Wnt reservoir controlled the properties of the Wnt gradient, 421 in terms of its steepness and linearity. Furthermore, our results suggest that the spatial localisation of 422 the Wnt reservoir can affect the crypt's dynamics, both wild-type and dysplastic, as much as the total 423 amount of Wnt available. 424
In order to elucidate the mechanisms underpinning cellular CI within the crypt, we extended a catenin within the cell is reduced, the amount needed to bind to YAP-P to prevent nuclear 436 accumulation and subsequent transcription of target genes linked to proliferation is reduced. 437
To investigate the effect of mutations within the crypt, we performed agent-based simulations 438 (using both an external-gradient Wnt model with static Wnt, and the internal division-based Wnt 439 model) with an APC double-mutant cell introduced into the crypt. The simulated mutation causes 440 altered destruction complex kinetics in the Wnt signalling, as well as disruption of the Hippo 441 signalling module. Increasing the amount of Wnt within the crypt did not affect the washout 442 probability of the mutant cells at low levels of CI, with the advantage of the mutant cells not 443 significantly reduced by the increase in proliferation caused by Wnt upregulation. The main 444 difference arose from increasing the volume threshold for CI in the cells, with the largest decrease in 445 the washout probability seen at a volume threshold of 90% of the healthy cell equilibrium. The effect 446 on washout probability and cell velocity of this mutant was similar to that of increased adhesion 447 observed previously (44). Critically, moving from the external-gradient to the internally held and 448
division-based Wnt model did not qualitatively affect the increased mutant advantage, further 449 suggesting cell division as a plausible mechanism for the experimentally-observed Wnt gradient (27, 450 46) . 
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Methods 485
The single-cell model combines the subcellular Wnt/Hippo signalling model, as described by a set of 486 10 Ordinary Differential Equations (ODEs, Figure S1 ) and the cell-cycle model, which is described 487 by 5 additional ODEs ( Figure S2 ). The signalling model adapts a formalism previously proposed (25, 488 42) to describe the dynamics of β-catenin and the effects of signalling (Wnt) on the cell-cycle, to 489 further include Hippo-signalling-dependent complex (β-catenin/YAP-P, Equation 10, Figure S1 
